We report elastic constant calculation and a ''theoretical" tensile experiment on stoichiometric hydroxyapatite (HAP) crystal using an ab initio technique. These results compare favorably with a variety of measured data. Theoretical tensile experiments are performed on the orthorhombic cell of HAP for both uniaxial and biaxial loading. The results show considerable anisotropy in the stress-strain behavior. It is shown that the failure behavior of the perfect HAP crystal is brittle for tension along the z-axis with a maximum stress of 9.6 GPa at 10% strain. Biaxial failure envelopes from six ''theoretical" loading tests show a highly anisotropic pattern. Structural analysis of the crystal under various stages of tensile strain reveals that the deformation behavior manifests itself mainly in the rotation of the PO 4 tetrahedron with concomitant movements of both the columnar and axial Ca ions. These results are discussed in the context of mechanical properties of bioceramic composites relevant to mineralized tissues.
Introduction
Collagen and apatitic mineralites can form complex composite structures that have remarkable mechanical properties and are thus the two primary building blocks of most hard tissues [1, 2] . Detailed and accurate structure-property-function relationships of apatitic mineralites, collagen and their composites are critically important for evaluating the mechanical properties of bone and dentin structures, for understanding diseased states of mineralized tissues, and for establishing biomimetic material-design principles. Most mineralized tissues, such as bone and dentin, are organized hierarchically in terms of composition, structure and properties, and they exhibit multiscale structure/property interdependence (molecule/ crystallite to fibril to fiber, etc.). Over the decades, intense research has been performed to understand the behavior of these materials at different hierarchical scales [3] [4] [5] [6] [7] [8] [9] [10] . The significant role that biological apatite(s) play in the structure and function of calcified tissues was recognized as far back as the early part of the last century [11] . The composition and crystal structure of biological apatite(s) and their implication for function have since been a subject of continuous investigation [11] [12] [13] [14] [15] . Recent investigations and data interpretations have also linked apatite composition properties to aging and disease [16, 17] .
Many computational and experimental studies performed at different spatial scales on a prototype bioceramic, hydroxyapatite (HAP), and the related carbonated HAP, which is more relevant to biological environments, have advanced our understanding of mineralized tissue. However, details of the atomic-scale interactions that are at the heart of the mechanical properties remain as critically missing pieces of information. Clearly, in the absence of such information our understanding of calcified tissue behavior will remain incomplete. Only recently have researchers begun to address the problem at this scale [18] . The various efforts to relate mineralized tissue mechanical properties to constituent phase show that simple consideration of composition is insufficient. One of us (A.M.) has recently performed homotopic (same location and lateral resolution) microscale density-compositionelastic modulus measurements on human dentin [19] and showed that, at the same mineral volume fraction and density, the elastic modulus can vary by as much as a factor of five. Similar results have also been found for bones and calcified cartilage based upon nanoindentation [20, 21] . While qualitative and subjective explanations abound, there is a distinct absence of quantitative theories and reliable data.
The key obstacle hampering further progress is a lack of understanding of the mechanical behavior in terms of atomic-scale mechanisms. With recent advances in computational capabilities, it is now possible to investigate the mechanical behavior of complex multi-atom systems using large atomic models (of the order of 1000 atoms) and ab initio methods [22] [23] [24] [25] . In this paper, we report the results of the mechanical properties of stoichiometric HAP crystal using a highly accurate ab initio technique. The goal is to demonstrate that the atomic structure has a large influence on the anisotropy of the mechanical behavior, leading to significantly different failure behaviors. Such data are crucial for explaining the directional dependence of the alignment of mineralites in collagen fibrils and is the first step towards deeper understanding of collagen/apatite composites that are important to the biological and biomedical community. The implication is that similar ab initio studies along these lines will provide important fundamental insights for furthering our understanding of the mechanical behavior of composite material at the tissue level.
In this work, we report the elastic constants and bulk properties of perfect crystalline HAP and have carried out uniaxial and biaxial ''theoretical" tensile experiments to investigate the deformation and failure behavior of HAP under strain. We briefly outline the method of simulation in Section 2; Section 3 describes the results obtained and these results and their implications are further discussed in Section 4. The paper ends with some conclusions in Section 5.
Method of simulation

Crystal structure
The HAP crystal has a fairly complex structure with 44 atoms in the hexagonal primitive cell [26] (two formula units of Ca 5 (PO 4 ) 3 OH, space group P6 3 /m and a 50% partial occupancy of the OH sites). The crystal consists of tightly bonded PO 4 tetrahedral units, two types of Ca ions and the OH groups. The OH is aligned along the crystalline c-axis. There are two Ca sites, Ca1 and Ca2, that are usually labeled as columnar Ca and axial Ca, respectively, and which play the role of ionically bonding the PO 4 units together. For O ions, there are three crystallographically nonequivalent sites. O1 and O2 have 6 sites and O3 has 12 sites. In most bioceramics the Ca/P ratio is usually used to characterize the sample [27] . This value is 1.666 for stoichiometric HAP but the real samples in laboratory experiments usually can have Ca/P ratios either larger or smaller than this value, indicating the difficulty in obtaining pure samples for this quite common bioceramic material. In carbonated HAP, where the CO 3 group replaces the PO 4 group, the Ca/P ratio would be much higher due to the reduction of P. However, in most defective samples where vacancies or Ca deficiencies exist, the Ca/P ratio can be in the range of 1.5-1.67. In tri-calcium phosphate, Ca 3 (PO 4 ) 2 , another important bioceramic, the Ca/P ratio is 1.5.
The electronic structure and bonding of the HAP crystal has been studied by several groups in recent years [28] [29] [30] [31] . We have also studied the surface structure and surface electronic structure of HAP and fluorapatite (FAP) crystals [30] . More recently, ab initio techniques have been used to explore the geometry of water molecules absorbed on the surfaces of the HAP crystal [32] [33] [34] . On the other hand, there has been very little computational effort devoted to the mechanical properties, presumably due to HAP's structural complexity and the accuracy required for computing ab initio mechanical properties at the atomistic level.
Elastic properties
HAP crystallizes in a hexagonal lattice (a, b and c axes) with the OH group oriented along the c-axis. For studying mechanical properties, it is more expedient to transform it into an orthorhombic cell (x, y and z axes) with the z-axis parallel to the c-axis as illustrated in Fig. 1 . However, it is necessary to double the b-axis direction in order to maintain the periodicity of the lattice in the orthorhombic description. As a result, the simulation cell (hereafter To study the elastic properties of crystalline HAP, we first fully relax the orthorhombic supercell using the density functional theory based Vienna Ab initio Simulation Package (VASP) [35, 36] . In the present calculation, we used the PAW-PBE potential [37] and a 2 Â 1 Â 3 Monkhorst k-point sampling with an energy cut-off of 600 eV. The convergence criteria for the total energy and force per atom are set at 0.0001 eV and 0.001 eV Å -1 , respectively, to ensure high precision. Test calculations indicate that this level of accuracy is sufficient for accurate determination of the mechanical properties. The fully relaxed orthorhombic supercell has cell dimensions of x = 9.5543 Å , y = 16.5507 Å and z = 6.8938 Å . The volume of the cell is 1090.12 Å 3 which is only 1.23% smaller than twice the volume of the experimental hexagonal unit cell (1103.73 Å 3 ). The elastic constants for the HAP crystal in the orthorhombic configuration are calculated based on the equilibrium structure and an in-house elastic tensor package specially designed for efficient evaluation of the stressstrain response [38] . Essentially, two strains e j of À1% and 1% are applied to each independent direction. The stress data (r i ) are then collected from the fully relaxed structure under each strain. The nine elastic constants C11, C22, C33, C44, C55, C66, C12, C13 and C23 are extracted by solving the system of linear equations:
From the calculated elastic constants of the crystal, it is possible to extract the bulk structure parameters K (bulk modulus), G (shear modulus), E (Young's modulus) and g (Poisson's ratio). Although there are different approaches to obtain these bulk structural parameters, we have used the averaged values of the Voigt approximation [39] and the Reuss approximation [40] . The Voigt approximation assumes a uniform strain and gives the maximum bulk and shear modulus, whereas the Ruess approximation assumes a uniform stress and gives the minimum values of the same moduli. Hence, this so-called Voigt-Reuss-Hill (VRH) approximation [41] provides a more reliable estimation of bulk isotropic properties of the material based on the anisotropic elastic properties of a single crystal. The elastic constants and bulk structural parameters for a large number of ceramic crystals using this method have been reported in Ref. [38] .
Tensile experiments
With vastly improved computational methodology and ever-increasing computing power, it is now feasible to perform ''theoretical" tensile experiments to obtain reliable stress-strain data that are inaccessible to conventional laboratory experiments [42] . Such an approach has been successfully applied to investigate the failure behavior of complex ceramics containing microstructures such as internal grain boundaries [43] and intergranular glassy films [22, 23] . In the present study for HAP, one of the axes of the orthorhombic supercell is extended stepwise in increments of 2%, while the lattice constants in the other two directions are fixed. This corresponds to the so-called uniaxial extension, rather than the uniaxial tension, and could introduce triaxial stress states [42] . During each extension step, the atomic positions in the supercell are fully relaxed using VASP. The extension steps are repeated for the next strain until the stress reaches the maximum and beyond. For the biaxial tensile experiment, two of the axes are simultaneously extended by an equal amount of strain with the lattice constant in the remaining direction kept fixed. It should be pointed out that the relaxation at each strain level to obtain the stable stress components of the cell is a fairly slow process for a large, complex supercell, especially after the maximum of the stress has been reached.
Results
Elastic constants and bulk structural parameters
The calculated elastic constants and bulk parameters using the VRH scheme are listed in Table 1 together with some available measured values. For an orthorhombic crystal, there are nine elastic constants: C11, C22, C33, C44, C55, C66, C12, C13 and C23. As expected, C11 is very close to C22 (140 and 135 GPa, respectively) in the orthorhombic cell description and C33 = 175 GPa is larger than C11. Snyders et al. [44] have also reported elastic constant calculations using VASP but used a different set of convergence criteria. Their C11 value is smaller than ours but the C33 value is much larger. The reported elastic constants from experimental measurements [44] [45] [46] [47] [48] [49] [50] [51] [52] on a variety of crystalline HAP samples via different techniques are listed in Table 1 . The data for Ref. [46] is from bovine enamel but calculated using the model of Katz and Ukraincik [48] . On the whole, these data are closer to our calculated values than the calculated values of Ref. [44] . Our bulk structure parameters calculated from the elastic constants are: K = 84.51 GPa, G = 47.77 GPa, E = 120.6 GPa and a Poisson ratio of 0.262. These data are compared with the widely scattered measured data (see Table 1 ) on a variety of samples of different characters which may not correspond to perfectly stoichiometric HAP. In addition, the apparently large scattering of the measured data can be attributed to the different experimental techniques used to extract the elastic data. Our calculated values are in surprisingly good agreement with the work of Katz and coworkers [47, 48] , who measured the isotropic elastic constants of polycrystalline samples of HAP and FAP using ultrasonic interferometry coupled with a pressure-dependent apparatus to obtain the mechanical properties. These data are also much larger than those measured for cortical and trabecular bone by a factor of roughly 5-8 [53] . Our calculated values are for ideal crystal, and should therefore be considered as an upper limit.
Stress-strain relationship
The stress-strain results from the uniaxial tensile experiment are presented in Fig. 2 and those for biaxial extension are shown in Fig. 3 . In each panel, there are three sets of data points corresponding to the calculated r xx , r yy , r zz components for loads in the x, y, z directions. It can be seen that the stress component in the loading direction is always the largest, but those in the other directions are also substantial. For loading in the z-direction, r zz is much larger than r xx , and r yy , which are identical since they are in the x-y plane of the HAP crystal. The maximum stress r zz in the z-direction is 9.6 GPa at the strain level of 10%. The strains for the maximum stresses in the x-and y-direction loading are approximately 14% and 16%, respectively. We note that there is a certain degree of uncertainly for these two values because the stress data near fracture (maximum stress) are relatively flat. As can be seen from Fig. 2 , a gradual onset of failure akin to ductile behavior characterizes the stress-strain curves under x-and y-direction uniaxial extensions. Under x-direction uniaxial extension, the unit cell appears to ''yield" at an axial stress of 6.7 GPa, corresponding to 8% strain, before reaching a peak axial stress of 7.4 GPa at 14% strain at which it exhibits softening. Similarly, under y-direction uniaxial extension, the unit cell appears to ''fracture" at an axial stress of 8.6 GPa, corresponding to 10% strain, and reaches a peak axial stress of 9.1 GPa at 16% strain before exhibiting softening. In contrast, a brittle-like behavior characterizes the stress-strain curve under z-direction uniaxial extension.
The data for biaxial extension are shown in Fig. 3 . All biaxial extensions show rather brittle failure patterns. The data in the x-y plane is quite different from those in the y-z and z-x planes. The strain at maximum stress is larger (12%) and the three components are almost the same at low strain. Data for the y-z and z-x planes are noticeably different and have the strain at a maximum stress of about 8%. Such behavior indicates strong anisotropy of the mechanical response in the HAP crystal.
Failure behavior
Since the HAP crystal shows ''ductile" or ''brittle" failure characteristics under different loading directions, it is difficult to devise a single failure criterion. From the viewpoint of a uniaxial failure criterion, we can consider the HAP crystal to have failed when the major principal stress reaches either a peak or a ''yield" value under the various applied loading conditions. Based upon these criteria, the strain-to-failure along the z-direction is 10%, while those along the x-and y-axis are 8-14% and 10-16%, respectively. Thus, based upon the strain-at-the-peak-stress criterion, the z-direction would be considered to be the weakest. In comparison, based upon the ''yield" stress criterion, the x-direction is the weakest. If we compare the principal stresses at failure, the HAP crystal fails at a lower stress under x-direction uniaxial extension irrespective of the failure criterion.
To further elucidate the failure behavior we have constructed biaxial failure envelopes in Fig. 4 by plotting the applied strain corresponding to the above failure criterion for the six ''theoretical" loading tests performed in the present work. In the case of x-and y-direction uniaxial extensions, we have used both the peak stress as well as the ''yield" stress criterion. The shaded area in Fig. 4 then represents the region of uncertain failure criterion.
From Fig. 4a we see that the failure behavior in the x-y plane is highly anisotropic both in terms of magnitude of strain-to-failure as well as the failure criterion. The failure envelopes in the x-z and y-z planes, shown in Fig. 4b and c, also exhibit directional dependency in terms of magni- tude of strain-to-failure and the failure criterion. The failure envelopes indicate that the HAP crystal will show a brittle behavior under z-direction-dominated biaxial loading. The brittle behavior gradually transitions to a ductile behavior as the biaxial loading becomes dominated by the x-direction or y-direction.
As expected, these strain-space failure envelopes show a highly anisotropic behavior. Notably, the failure anisot- (c) Fig. 3 . Stress-strain data r xx , r yy , r zz for biaxial loading in (a) the xydirection, (b) the yz-direction and (c) the zx-direction.
ropy in the x-y plane is in contrast to the calculated isotropic elastic behavior in the x-y plane. Since the x-y plane corresponds to the a-b crystallographic plane of the hexagonal cell, the elastic behavior is expected to be isotropic in that plane. In general, the anisotropy of the failure behavior does not coincide with the elastic anisotropy of HAP crystal. Such a behavior is probably due to the structural changes the crystal undergoes during loading.
To illustrate the structural changes under uniaxial strain, we show in Fig. 5 the atomistic structures of HAP in the y-z plane and the x-y plane at five different loading strains in the z-direction, including the structure for the equilibrium configuration of zero strain. At low strain, there is hardly any observable change in the atomistic structures. At high strain and after the maximum stress was reached, there are observable changes in the Ca ions (both columnar Ca and axial Ca) associated with the rotation of the tetrahedral PO 4 units. The lattice extension in the z-direction affects the interatomic interactions which cause the atoms to move into positions of minimum local stress, and this is most clearly manifested in the rotation of the tetrahedral PO 4 units. This could imply that one way to enhance the mechanical properties of HAP is to prevent the rotation of PO 4 tetrahedra. This can perhaps be achieved by strategic substitution of PO 4 by CO 3 group in the crystal or by other ways in forming interfacial structures. The carbonate group CO 3 has a pyramidal structure which has a lower rotational symmetry and requires more energy to rotate than the higher-symmetry tetrahedral PO4 group it replaces. This could conceivably be what is happening in the collagen/HAP composite materials. An interesting observation is that the alignment of the OH group along the c-axis is unchanged at strains for the zdirection extension.
Discussion
The above data indicates that the intrinsic strength of pure HAP crystal is quite limited in comparison with other ceramics such as silicon nitride [54] . This is, of course, consistent with the fact the HAP crystal is brittle with an inferior performance to fatigue resistance, and this is the main obstacle to its effective direct use in biomedical applications. These results are pertinent only at the atomic scale, but they constitute the first step towards a full understanding of calcified tissue mechanical behavior through multiscale modeling, since these tissues exhibit scale-dependent organization and properties. Indeed, there has been a flurry of composition-based models for elastic behavior of mineralized collagen fibrils [55] [56] [57] . Such models are important since they seek to relate the experimentally determined tissue properties to their component properties. Unfortunately, neither reliable nor complete measurements are available for anisotropic stress-strain-strength properties of biologically derived apatitic mineralite or collagen. The current models invariably utilize elastic moduli measured for apatitic polycrystallites [47] , which are not appropriate since the apatitic mineralite in calcified tissue is, typically, a nanocrystal. It also widely accepted that most of the nanocrystalline apatitic mineralites are deposited within the collagen fibril and occupy the axial gaps between the aligned collagen molecules, which are bundled in a staggered fashion [58, 59] . The c-axis of the HAP crystals is believed to be parallel to the axial direction of the collagen bundles. The interaction at the collagen/mineral interface must have a significant role in the overall behavior. The nature of the cross-link between collagen and the apatite surface has not been investigated. Plausible atomic models of this interface will contribute to far-reaching understanding of these biocomposites.
One of the main goals of the present paper is to develop methods and strategies for realistic modeling of bone and dentin materials since these materials have structures and properties far more complicated than pure bioceramic crystals. For example, solid-state NMR data shows that the OH -content of human cortical bone is only 20% of that in HAP which will lead to very different mechanical properties and defect behaviors [60] . Si-substituted HAP shows a significant increase in the rate of bone apposition [61] and an increase in vivo bioactivity. Koester et al. [62] showed that the true toughness of human cortical bone is very different from that reported in the literature because of the past failure to account for the orientation-dependent mechanical response. It is known that there are two types of carbonated HAP. In A(B) type, the carbonate substitution occurs at the hydroxyl (phosphate) site. The B-type carbonated HAP is more relevant to mineralites in bone and dental enamel [15] . The carboxyl groups are the most common functional groups in bio-organic polymers that can react with HAP. They modify the underlying crystal structure and symmetry and obviously affect the mechanical properties. Composite materials of HAP and tetra-calcium phosphates can improve the mechanical properties of HAP [63] . Using the computational approach demonstrated in this paper for pure stoichiometric HAP, a more realistic modeling and investigation of the mechanical properties of composite bioceramics can be envisaged.
Conclusions
In conclusion, we have performed calculations of the mechanical properties and carried out a theoretical tensile experiment on perfect HAP crystal using an ab initio tech- nique. Quantitative parameters for elastic constants and bulk structural parameters are obtained. These values are compared with a variety of measured data and can serve as the upper limit for the mechanical properties of bio-apatites. Theoretical tensile tests show that there exists considerable anisotropy in the stress-strain behavior under both uniaxial and biaxial loads. It is also shown that the deformation behavior is manifest in the rotation of PO 4 tetrahedra with concomitant movements of both the columnar and axial Ca ions under strain. These structural changes during loading result in a vastly different anisotropy of the failure behavior, which is in contrast to the anisotropy of the elastic behavior. These findings are discussed in the context of using this approach to model bioceramic composites related to mineralized tissues in dentin and bones.
The mechanical properties derived from ab initio studies will also have a direct impact on developing larger-scale models of mineralized tissues that can be used to investigate a host of biomedical issues related to load transfer in the muscoloskeletal system. For example, our current knowledge of how damage develops at the building-block levels of dentin and calcified tissue under combined biochemomechanical loading is limited. Similarly, we have incomplete knowledge of the guiding characteristics of tissue-engineered constructs that will replace/restore damaged/diseased hard tissues such as dentin and calcified cartilage that do not regenerate. Computational modeling based on accurate ab initio studies can provide the information on fundamental properties and help in developing a keen understanding of many urgent biomedical problems that affect the aging population.
